A Laplace representation of the high-energy elastic scattering amplitude is introduced, which seems convenient for describing the observed sharp decrease of the differential· cross sections in the forward direction. It is found that the imaginary part of the determining function of the Laplace transform has a Gaussian peak, with an exponential tail outside. This behavior of the determining function is discussed from a more general point of view, on the basis of another integral representation of the diffraction part of the scattering amplitude. The momentum transfer dependence of the elastic scattering amplitude is also investigated. § 1. Introduction High-energy elastic scattering exhibits a sharp diffraction peak in the forward direction, which is common to all observed processes. According to the Brookhaven group the experimental formula
High-energy elastic scattering exhibits a sharp diffraction peak in the forward direction, which is common to all observed processes. According to the Brookhaven group the experimental formula drJ I dt = (drJ I dt) t=o exp (bt + ct 2 ) (1·1)
gives good fits to the differential cross sections for t, o<-t:Sl.O (BeVIc)
,
where -t is the invariant momentum transfer squared.
)
Both b and c are positive and clb 2 is small compared to one. (Antiproton-proton scattering is exceptional ; here c is consistent with zero.) On the other hand, the CornellBrookhaven group has made extensive measurements of p-p elastic scattering up to the maximum momentum transfer.
There seems to be no complicated structure in the observed differential cross sections.
If we bear thes~ points in mind, it is tempting to investigate the expansion of elastic scattering amplitudes at high energies by exponential functions of t in place of oscillating Bessel functio~s which have been widely used in various impact parameter formalisms.s)- 5 ) This is the motivation of the present work.
We propose to represent the scattering amplitude A (s, t) at high energies in the form 00 00
A (s, t) = ~ da eatGt(s, a)+~ da ea<u-ub)Gu (s, a). For the ·sake of simplicity we ignore complications due to spin throughout.
In § 2 we introduce Gt (s, a), which appears in Eq. (1· 2), by a Laplace transform of the absorptive part At (s, t) of A (s, t). Some mathematical properties of Gt (s, a) as a function of a are investigated. A necessary condition for the validity of Eq. (1· 2) and its domain of convergence are obtained. In § 3 a plausible form for the imaginary part, Gt,r(s, a) of Gt (s, a) is derived by physical intuition for fixed s. This leads to Eq. (1·1) for small Jtl under the assumption that A (s, t) is dominated by its imaginary part Ar(s, t) at small momentum transfers. In § 4 this phenomenological form of Gt,r(s, a) is discussed from a more general point of view. Ar(s, t) is decomposed into the two parts: the diffraction and the background parts. It is found that the expression for Gt,r(s, a) obtained in § 3 occupies a special position in the new representation. The momentum transfer dependence of the elastic scattering amplitude is investigated on the basis of this representation. A few remarks on the presep.t approach are given in the last section. § 2. Representation of scattering amplitudes by a Laplace transform
The sharp exponential decrease of differential cross sections indicated by Eq. (1·1) is common to all the experimentally observed elastic scattering processes. Therefore, it seems worthwhile to investigate the expansion of highenergy elastic scattering amplitudes in terms of exponential functions of t in place of the oscillating Bessel functions which are used in the impact parameter formalisms.
To do this we start from the dispersion relation of Mandelstam, 
Indeed, for v>O we have
The behavior of Gt (a) at small a is more complicated because At (t') is very likely to oscillate infinitely many times as t' tends to in:finity.
We note only that, for Rea> -1,
as a~o ( 
where the partial wave expansion of f(k, (}) 1s given by with the partial wave amplitudes
Then we obtain
where iz (x) is the modified spherical Bessel function of order l, we obtain
Next we discuss the connection of our Gt (a) with the impact parameter amplitude Ht(b 2 ) of BG. By means of Weber's formula
which is valid for a>O and for t<O, we can rewrite Eq. (2 · 8), after changing the order of integrations, as 00 00
For simplicity we denoted the left-hand side of Eq. (2 · 8) by A 1 (t). Therefore, if we put 00
we obtain the impact parameter expansion
In order to confirm that Ht (b 2 ) defined by Eq. (2 ·15) IS the impact parameter amplitude of BG, we substitute Eq. (2·2) into Eq. (2·15). After changing the order of integrations we find
where Ko (x) is the modified Bessel function of the second kind of order zero.
Equation (2 ·17) is identical with Eq. (7 · 7) of BG. It may be added th~t
Under the same assumption, Re a<O, as before, the integral (2 ·16) converges at the lower limit of the integration. It is interesting to note that Ht (b 2 ) could become infinite as b------?0. This is in contrast to the fact that the impact parameter amplitudes at the origin of references 4) and 5) are equal to the S-wave amplitude and hence should always be finite.*) § 3. Diffraction scattering and the imaginary part of G (a)
The forward peak of elastic differential cross sections is usually supposed to be due to pure imaginary shadow scattering. In order to see the form suggested by experiment for the imaginary part Gr(a) of G(a), let us assume that the imaginary part Ar(t) of the scattering amplitude predominates over the real part AR(t) for small momentum transfers co<-t:S0.6(BeV/c) 2 , say). With this assumption the exponential decrease of do/ dt can be obtained when (3·1) for small It 1. It may be noted that we need not consider the second term in Eq. (1· 2), which is negligible compared to the first one in the region of low momentum transfers. Hereafter we shall often omit the suffix t to Gt(a). We hope this will not give rise to any confusion.
Since Ar(t) is given by 00 
Gr(a) oc o(a-r/2) . (3·3)
This choice would lead to an impact parameter amplitude of a Gaussian form
The form (3 · 3) is not admissible, because we know that G (a) should be analytic in the right half-plane. It seems plausible, however, that the most important contribution to Ar(t) near t= 0 comes from Gr(a) in the neighborhood of a=r/2. We may take Gr(a) of a resonance form
near a= r /2. This is also inadmissible because G (a) would have two complex poles near a= r/2. Since we are considering approximate forms of Gr (a), we might have to accept complex poles if they are far away from the real axis.
Such is not the case for (3 · 5) unless iJ is very large.
On the basis of these considerations, let us now assume that Gr(a) has the following Gaussian form :
Since (3 · 6) is supposed to be valid only in the neighborhood of a= r /2, it IS not legitimate to use the Gaussian form in the whole range of a. For further improvements of (3 · 6), however, it is instructive to know the Ar(t) which is obtained when (3 · 6) is used for all a. Substituting (3 · 6) to Eq. (3 · 2), we get The Gaussian form (3 · 6) for Gr(a) has a fatal defect from a theoretical point of view, if it is adopted in the whole range of a. The function Ar(t) obtained from it does not have any branch point in the complex t plane and is indeed an entire function of t. This means that there exists no At,r(t') which gives the form (3 · 6) to Gr(a). When we attempt to improve (3 · 6), we have to take into account the following two points. First, Gr(a) should decrease yxponentially for large a. Second, (3 · 6) gives Ar(t) too large values for large ftl. (In fact, since Gt,r(a) tends to a constant as a~O, we should have At,r (t)"-"1lt as t~-oo.) On the other hand, it can be seen from Eq. (3·2) that the behavior of Ar(t) for large ltl is essentially determined by Gr(a) with small a. Thus we conclude that Gr(a) should be much· smaller for small a than the one indicated by (3 · 6).
Taking into account these considerations, we replace o in (3 · 6)· by 2oalr.
This lead~ to

Gr(a) oc exp[ -r(a-rl2
2 )1(4oa)]
where t1 IS defined by t1=r 1 (4o).
Mathematically it is convenient to consider Gr(a) of the form
which is slightly more general than (3 ·10). Substituting (3 ·12) into Eq. (3 · 2), we get (3 ·13) which has a cut on the real positive axis in the complex t plane extending from t1 to + oo. It follows from (3 ·13) that
Ar(t) Ar(O) (3 ·14)
Since yt 1 for large x. We obtain
is of the order of 1 (Be VIc) 2 except for p-p scattering, for which it will be larger. It is easy to see that (3 ·15) r~duces to (3 · 9) for small It I, unless v is exceedingly large. By taking the logarithm of the both sides of (3 ·15) , we get In this section we want to discuss the meaning of Eq. ( 4 ·1) from a more general standpoint than in § 3. We also investigate what form At (t') will take when Gr(a) is given by Eq. (4·1) or by its superposition with respect to r.
Ar (t) is expressed in terms of the imaginary part At,r (t') of At (t') as (4 ·3) to As before we shall not consider the second term in the above equation. It seems convenient to write Ar (t) as a sum of two terms,
Although we cannot at present give a well defined meaning to the above decomposition, Arn (t) is supposed to become dominant in the diffraction region and ArB (t) represents the background. In the light of our result obtained in § 3, we assume that Arn (t) has a cut on the real positive axis from t 1 to oo ;
The important point of this assumption is that the smallest branch point t 1 of Arn (t) is considerably larger than t 0 , t 0 = 4,a 2 (,a is the piont mass we obtain
Rigorously speaking, it is possible that the integrals which appear in Eqs. 
It follows from Eqs. (4·10) and (4·13) that
where
In a similar way to Eq. ( 4 · 11) , we write H 1 ( b 2 ) as
where 00
Hrn (b2) = ( da e-b2f4acrn (a) 
Although the choice of v is arbitrary in so far as the relevant integrals exist, the special case v = 112 is particularly interesting because the Bessel functions with v = 112 are very simple. The formula ( 4 · 7) is now expressed as
By mea:ns of this formula Arn (t) is represented in the form for a>O and that
The simplest choice for F(b) will be to take 
In a recent paper by the present author, Eq. (4·26) was used for a phenomenological analysis of the forward diffraction peak. 9 
>
It is evident that the delta function in ( 4 · 25) should be replaced in a more refined treatment by a smooth function of b with a peak at b~rt/ 12 • In order to see the effect of a finite width of the peak in F(b), let us assume that
except for an irrelevant multiplying constant. We immediately find AID(t) oc e-ooY(sinh cy/cy), where y= (t 1 -t) where x= (t'-t1) 1 / 2 . Since s is supposed to be appreciably smaller than b 0 , the effect of a finite c is not very remarkable for AID (t) and for Gin (a). By contrast, the oscillation amplitude of Af, I (t') is considerably suppressed for t' above t2, say, where t2r'--/t 1 + (rr/c) 2 . The most important contribution to the diffraction peak appears to come from At, r(t') in the interval, t1-;:;_t-;:;_t2. We expect t 1 to be about 1 (Be V /c) 2 , while t2 is supposed to be of the order of several (BeV /c) 2 • § 5. Discussion
In the present work the parameter a, which seems to have no classical analogue, was introduced in place of the impact parameter. In order to see the physical meaning of a Eq. (2 ·15) may be helpful. It seems worthwhile to note that the impact parameter amplitude has the Gaussian form (3 · 4) if Gt (a) behaves like (3 · 3) . Anyhow the present author does not think that it is essential to our approach for the parameter a to be understandable by some classical concept, although it IS desirable if possible. The behavior of Gt,r(a) will be approximately given by that of G~r(a) because G~r(a) is supposed to add only a small background contribution. We saw that G~r(a) has a Gaussian peak at a~r/2, which explains the sharp diffraction peak in high-energy elastic scattering. We show the behavior of Gt,r(a) in Fig. 1 . Since the diffraction scattering is caused by strong absorption due to multiple production, the interval in which the Gaussian peak of Gt,r(a) dominates may be called the absorption region. We note here that r /2 is almost equal to (R/2) 2 , where R is the effective radius defined in the previous paper. 9 ) (R is about 0.85 X 10-13 em for p-p scattering and 0.80 x 10-13 em for n-p scattering.) It is convenient to divide the whole range of a into three parts : the inner region, the absorption regiqn and the outer region. Gt (a) in the outer region is essentially determined by At (t') with small t', as is understood from Eq. (2 · 2), which gives Gt (a) an exponential tail. As is seen from Eq. (2 · 8), A 1 (t), which is defined by the first term of Eq. (2 ·1), is determined for large It I by Gt (a) with small a. Experimentally we can never know the asymptotic behavior of A1 (t) because the physical region extends only up to It!= 4k particles) and because A1 (t) is very likely to be dominated by A 2 (t), the second term of Eq. (2 ·1), in the beckward direction. Investigation of large angle scattering (30°<17<90°, say) may, however, give us some information about Gt (a) for small but finite a.
Gt,r(a)
It was suggested at the end of § 4 that the most important contribution to the diffraction peak will come from At,I(t') in the interval between t 1 and t 2 , where t1 is about 1 (Be VIc) 2 and t 2 is supposed to be several (Be VIc) 2 • This statement should be regarded as a conjecture rather than a conclusion. A further investigation seems desirable to confirm or reject this conjecture. It is interesting to note that the above interval seems to be roughly the same as the one in which the top Regge trajectory ap(t) of the t channel (the Pomeranchuk trajectory) takes larger values than elsewhere .. In this connection it is to be mentioned that the lower end t 1 of the interval is considerably larger than the branch point to ( = 4,u 2 ) .of ap(t). If we assume that A/ (t') is essentially given by the contribution from the Pomeranchuk trajectory, the point mentioned above might be an indication that lm ap(t) is small for t, to <t<tl. The situation may not be so simple, however, because we have also to take into account the residue function (3 P ( t), which becomes complex for t above t 0 • Detailed investigations are undoubtedly required before we can state anything definite.
